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Propagation of a c rack  in a randomly heterogeneous body exposed to longitudinal shear  is con-  
s idered (in a Born approximation). It is proved that the s t ress  means at the c rack  tip have sin-  
gulari t ies  on the o rde r  of (r)-l/2. The effective coefficient of s t r e s s  intensity is introduced. It 
is known that the propagation of a c rack  in a homogeneous body is of a local nature, i.e., energy 
consumption in the growth of the c rack  is completely determined by the coefficient of s t r e ss  in- 
tensity,  which is a local charac te r i s t i c .  The equivalence of the force and energy approaches is 
mathemat ica l ly  expressed  by the Irwin equation [1]. An analog of the Irwin equation is obtained 
for  the case of a randomly heterogeneous body. 

Let us consider  an elast ic  heterogeneous body containing a c rack  situated along the x axis and undergoing 
longitudinal shear .  In this case u = v = 0 ,  w=w(x, y ) r  Crx=(ry='rxy=(r z =0, rxz~0 ,  and rzy~0.  The equilibrium 
equation and Hooke's law are written in the form 

aTxz aT~z Ow Ow 
0~ b - b T = 0 ;  ~ =  ~ - ~ ; ~  = ~  W (1) 

under the boundary condition rxz  cos nx +Wy z cos ny =f. 

The Griffith c rack  c r i te r ion  was given in [2, 3] in integral  form and, in the case of longitudinal shear,  
is writ ten in the form 

2 ~  

8-7- = -~  R W0 cos 0 --  ~xz ~Tcos 0 - -  zyz ~ - s m  0 d 0 = G ;  

W 0 is the specific elast ic  potential and R is the radius of a circle  about the c rack  tip. 

Suppose the shear  modulus p is a random function of the x and y coordinates and is independent of z. We 
may represent  the shear  modulus in the form # = < p > + ~ '  and assume that fluctuations of # '  are small  in t e rms  
of the standard deviation in compar ison with <# >. If we set u = <w >and v = w - u ,  after substituting the exp res -  
sions for p in Eq. (1), we obtain a s tat is t ical ly nonlinear problem that can be l inearized if the solution is rep-  
resented in the form of a se r ies  in powers of some pa rame te r  ~r [4]. 

If we limit ourse lves  to two t e rms  of the decomposition of the displacements w, setting u = l ,  we may 
prove that the mean value of the elast ic energy  increment  per unit length of the c rack  has the form 

= _ ~ >  \ ~ 7  ~ y / _  < ~ ) \ ~ _ ~ ; / _  2 ~, 2 

+ 2<~'-byy/~ cos 0 - -  (<~)ex~svz-}-<~) \ ~ - ~ / +  < ~ '  ~ -y /  ~ -t- < ~ '  ~ , / z y ~ )  sin dO, (2) 

1 Ou I Ou 

It is neces sa ry  to solve a boundary-value problem for the mean displacements u in o rder  to calculate all 
the var iables  occur r ing  in Eq. (2): 
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021t  ~ 0 2 / t  
ax-q -i- ~ == O, 

< ~ >(e~z cos nx§ cos ny)=] 

(3) 

and a b o u n d a r y - v a l u e  p r o b l e m  fo r  the mot ion  f luctuat ions  

<~> Tz cos nx + ~ cos n g =  --  ~' (e.~ cosn x +  ey~ cos ny). 

(4) 

The solut ion of  the p r o b l e m  (3) is known and the solut ion of  Eq. (4) can be r e p r e s e n t e d  in t e r m s  of  the 
G r e e n ' s  funct ion G(x, y, x 0, Y0) of a p r o b l e m  f r o m  homogeneous  e l a s t i c i ty  t h e o r y  (3) [4] 

v (x, y) = ~ 5  a (x, g, Xo, go) [,~' (Xo, go) ~ z  (Xo, go)l 

'-:-' oyoa [~t' (Xo, go)ey~ (Xo, go)l dxodgo---~ G (x, g, xo, go) 

• {~t' (x0, g0) [exz (xo, go) cos nx ~- %z (Xo, go) cos ng]} dL. 

We de te rmine  the s t r e s s  means  f r o m  the equat ions  

- ~ / ;  @ ~ , > < ~ > ~ , +  ~, d ~ \ .  (5) ~ / '  

t ] - -  ]2  ~ x  dL; _~xdxodg ~ ~ aG 

I < ' r u z > = < [ - t > e u z - - ] - : - ~ ! / 1  aG 1 ? . aG dxodgo -- ~ ~ I2-~y dL; 

']x==<P/(x'Y)~176176 g ~  VJ(x'y) ait'(x~176 / ~yz (Xo, Yo); 

12= -- (~'  (x, g) ~' (x o, go)> [~ :  (Xo, go) cos nx + %~ (Xo, Yo) cos ng], 

where  S is the reg ion  outs ide  the sec t ion  and L is the sec t ion  line. 

Suppose we have an infinite body with a semiinf in i te  c r a c k  loaded with a concen t r a t ed  fo rce  P at a 
d is tance  h units  f r o m  its t ip (Fig.  1). It is r e q u i r e d  to d e t e r m i n e  the Green '  s funct ion of the h a r m o n i c  p r o b -  
le m, such  that  it s der iva t ive  8 G (x, y, x0, Y0)/8 n = 0 along the s ec t ion l ine.  The G r e e n  T s funct ion of  two va r i ab les  
G(x, y, x 0, Y0) has the f o r m  [5] 

G(x, g, xo, go) = ~ ln-~- + (p(x, g, xo, go) , 

p =  {(x - / o T + ( g  - go) ~} : ' .  

The de r iva t ives  of the Green '  s funct ion o c c u r r i n g  in Eq.  (5) have the f o r m  

aG i [ x-- x, Oq~(x, y, xo, yo) ] 
ox - -  2 ~  (x  - -  Xo)2 - -  ( y  - -  yo) "2 ~- az ; 

aG I [ Y--Yo aq~(x, 9",xo, yo) ] 
@ - -  ~ (x - -  xo )2  § ( y  - -  yo)  ~- q -  a y  " 

The h a r m o n i c  funct ion (p (x, y, x0, Y0) is the r e a l  pa r t  of  some  function f(z) analyt ic  within the reg ion  
occup ied  by the body, 

acp 
a~ Re {/'(z)}; = --Ira {]' (z)} m = Re {I (z)}; ~ = 

and sa t i s f i e s  the boundary  condi t ion 

U' (=)} : A O~ I m  
,.i=o ay . P ] v=o " 

We use  the K e l d y s h - S e d o v  f o r m u l a  [6] to ca lcu la te  the function f '(z) by  means  of  the equat ion  
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Fig. 1 

The equat ions  fo r  ~xz and ~yz c o r r e s p o n d i n g  to the homogeneous  p r o b l e m  can be obta ined f r o m  [7]. 

As a r e su l t  of  the ca lcu la t ions ,  we find that  the s t r e s s  means  in the ne ighborhood of the c r a c k  t ip  
have the f o r m  

PsinO/2 _ . .  ,. Pcos0/2 
<~.~:z) = ~ ~; ~'ryz2 = ~-~ F; (6) 

F =  ~ +  ~<.>~ l / ~ + y  ~ ~'(o, 0) ~'(~~ y ' ) \  

• s~z (x0, Yo)+ <~t' (0, _,0~ 9rt' (xo,oyo Y~ %~ (x~ go)]dxodYo 
co 

1/2 ~ (~0 - h) <,~' (0, 0) t~' (~o, 0)> dxo; k3 = ~ t '~"  
~<~> V ~  

It is c l e a r  f r o m  Eqs .  (6) tha t  the s t r e s s e s  have a s ingu la r i ty  on the o r d e r  of  ( r ) ' l /~  in a ne ighborhood of the 
c r a c k  t ip .  

Le t  us  in t roduce  the e f fec t ive  coef f ic ien t  of  s t r e s s  in tens i ty  k'~ and wr i te  Eqs .  (6) in the f o r m  

cos (0/2) <'rxz> sinv ~-'~r(8/2) k3; <Tyz> = ]/~r k'a; (7) 

}; = = + k ; .  

The f i rs t  t e r m  in the right side of the second formula in Eqs. (7) is the known value of the s t ress - in tens i ty  
coefficient for a homogeneous body, while the second t e r m  represents  the addition due to the random hetero-  
geneity of the body. 

We now turn to Eq. (2), assume that the radius R is small,  and use equations (7), obtaining 

exz2 ~ s i n ~  (0/2) k 2.3, 8:~z < ~ ,  Ov \ sin "~ (0/2) k 7.* 

~Ov O r \  sin~(8/2) (k*k* ~ \ ~ - / = ~  a 3~; 

/ Ov Ov \ cos ~ (0/2) *. * 

where  

�9 ~k3 = V-~o + uo l / x ,  + ,j~ S S 

• ~ (Xo, yo) o~' (xl, y , ) \  ~ (xo, Yo) ~x~ (xl, yl) + / a ~ '  (x~, ~,) 

> /ot~" (x,. yo)ot~"(~l, yQ>%z(xo, Yo) 
.. Oy o 

/ot~" (~, ~,~) ot~" (~o, yo)\ ] 
x s~ (x .  y~) + \ oy~ OXo / %~ (x.  y~) ~ (xo, Yo) 

2 t f/o , (h, o)> (Xo, yo) • dxodyodxldy~ -- 1/~ ~ ] . \  

.~ <~ (Xo' yo) ~.' (h, O)> %z(xo, Yo)} dxodyo. 
OYo 

(s) 
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Following some a lgebra ,  Eq. (2) takes  the f o r m  

<w> ~ {k~ + 2 k ~  + ~k~.~)/= 6 (3) 

The expres s ion  within b r a c e s  in Eqs.  (8) and (9) d i f fers  f r o m  the complete  square  ef  k~ 3 by the p r e s -  
ence of a co r re l a t ion  between fluctuations of the e las t ic  constants  at different points of the body. 

Thus,  the G r i f f i t h - I r w i n  c r a c k  c r i t e r ion  is descr ibed  by Eq. (9) for  a longitudinal c r ack  in a randomly 
he terogeneous  body, i .e. ,  the c r a c k  begins to grow at the point when the function of the local c h a r a c t e r i s t i c s  
occu r r ing  within the b r a c e s  r eaches  a value G. 
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T H E R M O M E C H A N I C A L  B E H A V I O R  O F  A R E C T A N G U L A R  

V I S C O E L A S T I C  P R I S M  E X P O S E D  T O  R E P E A T E D  

S T R E T C H I N G  A N D  C O N T R A C T I O N  

V .  G .  K a r n a u k h o v  a n d  I .  K.  S e n c h e n k o v  UDC 678.06 : 621-567:620.175.22 

Vibra t ional  heat product ion is an impor tant  p rob lem in studying the ef f ic iency of v i scoe las t i c  
e l emen t s  of s t r uc tu r e s  exper ienc ing  cycl ic  loads. The design of heat r e g i m e s  const i tu tes  one 
of the fundamental  p r o b l e m s  in the construct ion of such types  of v ib ra t i ona l -p roo f  s y s t e m s  as 
lami,aated rods ,  p la tes ,  and shel ls  [1] and f iberg lass  and r u b b e r - m e t a l  products ,  in pa r t i cu la r ,  
shock a b s o r b e r s  [2, 3]. Calculation of the c r i t i ca l  p a r a m e t e r s  beyond which a rapid growth in 
t e m p e r a t u r e  occurs  (the phenomenon of t h e r m a l  explosion),  which leads to pa r t i a l  o r  complete  
loss  of the support ing power  of the product  as a resu l t  of softening of the ma te r i a l ,  is of p a r -  
t i cu la r  in te res t .  A var ia t iona l  method has been used [4] to calculate  heat production in a two-  
d imensional  shock a b s o r b e r .  The boundary conditions are  sa t is f ied on the bas i s  of the St. 
Venant pr inciple .  In the cu r r en t  work,  the s i r e s  s -  s t ra in  state,  se l f -he  ating t e m p e r a t u r e  field, 
and t h e r m a l  instabi l i ty  of a long r ec t angu la r  p r i s m  being per iod ica l ly  loaded (plane d e f o r m a -  
tion) are  invest igated.  

w 1. The fundamen ta i t he rmoe la s t i c  equations are p resen ted  in [5]. We may obtain the fundamental  
t h e r m o v i s c o e l a s t i c  equations when v =const  by replac ing  the shea r  modulus g by an ope ra to r  ~ * .  We will 
find the solution of these  equations for  a plate [ ~ I -<2L, 17 I -<2H under  the boundary conditions 
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